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ABSTRACT

iKFAD is a recently proposed optimizer that closes the Adam—SGD performance gap observed
in transformer model pretraining by replacing adaptive learning rates with adaptive friction in the
momentum dynamics. Its limitation is that the full friction tensor £ € R"™*" carries the same
O(nm) memory overhead per layer as Adam’s second-moment buffer. Here we exploit the rank-1
compression idea that Adafactor applies to Adam’s second moment, replacing iKFAD’s friction tensor
& with a rank-1 outer-product factorization built from row and column momentum statistics, resulting
in Rank-1 iKFAD (R-iKFAD). This reduces friction memory footprint from O(nm) to O(n + m)
per layer which approximately halves iKFAD’s total optimizer state. Despite this massive decrease in
signal, we show that R-iIKFAD maintains parity in performance with iKFAD, and consequently Adam
on transformer pretraining tasks. Experiments on GPT2-Nano, TinyViT, DistilBERT, and GPT2-S
confirm that R-iKFAD matches or exceeds iKFAD while nearly halving the memory footprint and
being comparably robust to hyperparameters. We analyze the continuous-time dynamics in two
damping regimes. For v > 0 (linear damping) we prove exponential convergence under strong
convexity. For 7 = 0, the preferred option in our experiments, the friction is generated entirely based
on past momentum and it switches off as the momentum vanishes, so geometric convergence cannot
be shown. We nonetheless prove unconditional convergence to the minimizer together with explicit
algebraic rates, O(t 1) and O(t~'/2) according to the regularization scale. For the discrete scheme
that is actually implemented, with stochastic gradients and v = 0, we further prove an algebraic
rate down to an explicit noise floor. To our knowledge this is the first convergence rate for a rank-1
factored optimizer in continuous time, and the first analysis of one, in either time, that does not
require positive damping.

1 Introduction

Adam [10] is the workhorse optimizer in modern deep learning, combining gradient momentum with coordinate-wise
second-moment scaling to accelerate convergence on complex loss landscapes. For a model with N scalar parameters,
Adam evolves two auxiliary states (the first and second moment estimates) and therefore requires 2NV auxiliary scalars
on top of the NV parameters themselves, for a total memory cost of around 3N. At scale, this 2V overhead presents
a significant hardware bottleneck during large-model training. To mitigate this, Adafactor [[17] introduces a rank-1
factorization of the second-moment matrix. For a matrix weight W € R™*"  Adafactor replaces Adam’s full second-
moment matrix V' € R™*" with a factorized approximation V;; = R;C; /(1) R), where R € R™ and C' € R" track
row-wise and column-wise squared gradients, respectively. By eliminating the first-moment buffer, Adafactor reduces
per-layer auxiliary state complexity from O(mn) to O(m + n) (achieving memory savings of over 99% for large
weight matrices) while maintaining competitive transformer pretraining performance.
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An insightful paradigm for analyzing optimizer dynamics is based on continuous-time ordinary differential equations
(ODEs) [33, 5], where updates emerge as discrete time-step approximations. For parameter state , momentum p, and
second-moment variable ¢, continuous-time Adam is given in Egs. (I)-(3). While Adam incorporates parameter-wise
adaptation into the position equation (i) via 1/+/¢, Karoni et al. [[7] demonstrated that coordinate-wise adaptation can
alternatively be integrated into the momentum equation (p). This is achieved by replacing the constant damping factor ~y
with a dynamic, coordinate-wise friction state £, resulting in the Individual Kinetic Friction-Adaptive Descent (iKFAD)

dynamics @)-(6)

p

&= ; (1 & =p, )

vt )=—Vf(z)-(v+8§ O 5
p=—-Vf(z)—p, 2 Z? [p]Qf(x) rrdor ©)
{=[Vf(@)]-aC 3) §=7, ok (©)

These dynamics require storing a full adaptive friction tensor £ alongside momentum p. They incur an auxiliary
footprint of 2NV scalars, identical to Adam’s auxiliary storage. Originally introduced for scalar/global friction [6],
iKFAD extends friction-based adaptation to individual parameters, matching Adam’s performance on standard vision
and NLP benchmarks.

2 Methodology: Rank-1 iKFAD

Adafactor compresses Adam’s second moment; Rank-1 iKFAD (R-iKFAD) applies the same compression to iKFAD’s
friction. Writing both as continuous-time systems for a matrix weight X € R™*™ makes the correspondence apparent,
in the same sense in which the systems above approximate Adam and iKFAD [3. I5]. Most Adafactor implementations
omit the first moment, but we enable it throughout for parity, so we retain momentum P and refer to the result as
Adafactor-m (left). R-iKFAD (right) carries the same momentum and factorizes the friction instead:

X = fD : 7) X=P (11)

N P=-VfX)-EaP—vP, (12
P=-Vf(X)-~P, ®) R= i[P]an — aR, (13)
R=[V/(X)1, - aR, ©) S DRSO y
¢ = 1] [VF(X)]2 - aC. (10) = ytmlfl e (1

Here © is the element-wise product and [P]7; = P

;5 both systems carry the same linear damping . Each builds a
rank-1 object from its factors,
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with €, e5tap > 0 small regularizers, the latter ensuring numerical stability near R = 0. Adafactor-m is thus Adam’s
system with the full second moment ( replaced by the rank-1 estimate f , and R-iKFAD is iKFAD’s system with the
full friction tensor & replaced by the rank-1 estimate £. The two differ in the same way Adam differs from iKFAD:
Adafactor-m’s factors aggregate squared gradients and act in the position equation, whereas R-iIKFAD’s aggregate
squared momentum and act as damping in the momentum equation. In both cases the state per layer falls from O(mn)
to O(m + n) while full momentum is retained. We emphasize that R-iKFAD is designed to maintain parity with iKFAD
(which matches Adam [[7] in performance), rather than outperforming it.

Splitting Discretization. To construct a stable discrete-time algorithm, we rely on principles of geometric numerical
integration of Hamiltonian systems [[12], which have proved a robust foundation for discretization of dynamics-based
optimization schemes. Following [7], we decompose the vector field of (TI)—(T4) into four sub-operators whose
individual flows can be integrated analytically:
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Sub-flows A, B, and D integrate analytically: A gives position drift; B applies the gradient kick; D applies linear friction
(becoming the identity when v = 0, i.e., R-iIKFADO). Sub-flow C couples momentum P and friction factors (R, C)
and is integrated semi-analytically via an internal symmetric freeze-then-update scheme. The composition applied in
practice is a first-order Lie—Trotter splitting:

D) = BP0 F 0 B 0 OB,
where sub-steps are executed in the sequence B — A — C — D (BACD) [7]. Position updates use the gradient-kicked
momentum P(#) rather than P,,. Table [3|in Appendix Al gives the explicit analytical update rules for each sub-step
across the complete BACD sequence over time step h, together with the treatment of the coupling inside sub-flow C.

Memory Complexity. For a network parameter matrix at layer ¢ given by W, € R™¢*"™¢ let N = ), myn, denote
the total number of scalar model parameters. Table[I|breaks down the auxiliary optimizer memory footprint required
on top of the model weights. For non-2D parameters (biases, LayerNorm scales) that are not rank-1 factorizable,
R-iKFAD falls back to element-wise iKFAD, contributing a negligible additional scalar per parameter. R-iKFAD
requires approximately NV auxiliary scalars in total, effectively halving the optimizer auxiliary memory footprint relative
to both iKFAD and Adam. Adafactor-m occupies this same ~/N regime and is therefore our primary baseline; the
difference is which buffer is compressed, the second moment for Adafactor-m versus the friction tensor for R-iKFAD.
Retaining momentum is deliberate: Adafactor is known to suffer training instabilities in certain transformer regimes
when momentum is discarded entirely [17].

Table 1: Comparison of auxiliary optimizer memory complexity (excluding parameters).

Optimizer Auxiliary State Variables Total Auxiliary Footprint
Adam First moment M, Second moment V' 2N scalars

iKFAD Momentum P, Friction tensor £ 2N scalars

Adafactor-m, R-iKFAD (ours) Momentum P, Factors (R, C¢)e N + 3", (mg 4 ng) scalars

3 Theoretical Results

We analyze the continuous-time system (IT)—(T4) in both damping regimes. This section states the results and verifies
them numerically; the proofs and the supporting lemmas are in Appendix

3.1 Overview

For v > 0 a perturbed-energy argument gives exponential convergence under strong convexity (Theorem [I). Every
experiment here, however, uses 7 = 0. In R-iIKFAD, £ > 0 entrywise, and £ = —(P,£ ® P)r < 0, so at v = 0 the
system remains dissipative with no damping imposed at all. What changes is the character of the dissipation: the friction
is no longer imposed externally but manufactured by the trajectory out of its own past momentum. Two consequences
follow. The dissipation weakens as P — 0, so no exponential rate can hold, and the decay must be algebraic. Moreover
& vanishes at every turning point of the oscillation, so estimates must be made over sequential time blocks.

This last point is what makes the v = 0 rate technically involved, and it is worth saying where the difficulty lies.
Because £ = —(P,£ ® P)p is zero whenever P = 0, there is no differential inequality for £ at any single instant: the
usual route, in which one bounds € below by a function of £ and integrates, is unavailable. The argument therefore
works on blocks of time and classifies each block three ways. Either the energy has already dropped by a fixed factor
across the block, or a scalar moving average of the friction has not yet come down to the energy scale, or the block is
controlled, meaning the total smoothed friction is trapped in a band proportional to the energy. On a controlled block
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a finite-window concentration inequality converts the band into a quantitative lower bound on the dissipation, which
is the step that replaces the missing pointwise estimate. Two further ingredients matter. The dissipation on a block
is measured over a short observability window whose length is set independently of the block length; tying the two
together is not possible, since the available lower bound decays like e =% in the block length L while the concentration
step simultaneously requires L to be large, and the two demands cannot both be met. Finally, the per-block decrement is
multiplicative rather than additive, so it is accumulated through the reciprocal-energy potential ®(e) = /e + 9/(2€2),
where ¥ = i €sta1,. The two terms of ® invert the two regimes of the denominator that appears in the decrement, and
this is precisely where the two exponents come from: the 1/e term produces ¢~! and the 1/e? term produces t=1/2,

3.2 Main theorems

Under linear damping the system converges exponentially, with the rank-1 structure paid for by a weight on the auxiliary
block rather than by a restriction on the hyperparameters (Remark 3).

Theorem 1 (Exponential convergence of Rank-1 iKFAD). Assume f € C? satisfies the strong convexity condition:
there exist a,b > 0 such that for all X,

(X =X VIX))r = a(f(X) = f(X7)) +bIX = X,
where X* is a global minimizer of f, so that V f(X*) = 0 and f > f(X*) everywhere. Let v > 0 and «, i, €star, > 0,

and fix an initial condition (X, Py, Ro, Co) with Ry, Cy > 0 entrywise. Then there exist constants £ > 0 and C, > 0,
explicit in the problem data, such that the solution of (L1)~(T4) satisfies for all t > 0,

FX(®) = F(X) +1X () = X*|F + IPOIE + RO + ICH)]* < Ce™"

The hypothesis v > 0 is not an artifact of the argument: at y = 0 the linearization about the equilibrium is not Hurwitz
for any Hessian, so no exponential bound can hold there (Remark [2). What replaces it is a pair of results of quite
different character. The first is that the dynamics converge at all, with no restriction on the hyperparameters and no
convexity beyond a unique critical point.

Theorem 2 (Convergence at v = 0). Suppose f € C? is coercive and has a unique critical point X*. Let o,y > 0 and
€stab > 0. Then every solution of (L1)~(T4) with v = 0 and R(0), C(0) > 0 satisfies
The same conclusion holds for est.1, = 0 along the trace-matched solution.

The second is a rate, with every constant explicit.
Theorem 3 (Parameter-dependent algebraic rate). Assume uniform strong convexity and smoothness, 0 < mygl =
V2f(X) = MyI for every X, together with v = 0 and R(0) = C(0) = 0. Let L, K,, B and 9 = afi€stan be the
constants constructed in Appendix[F.3] There are numerical constants ¢, C' > 0 such that

8L 9L

< —Ct/L
£t) = C\&e "wory VKT

(t >0).

Consequently E(t) = O(t’l) when egap = 0 and E(t) = (’)(t’l/Q) when €gta, > 0. All constants depend only on
m,n,mg, Mf7 Q, [, Estab and &.

The two exponents are regimes of a single estimate, separated at £ ~ ajt €g¢ap, S0 the 71 law is the operative one at
any reachable horizon (Remark[4). The gap being closed also resolves an outstanding issue for iKFAD: it is suggested
to be deployed at v = 0, yet the existing convergence analysis [7]] assumes v > 0, so the friction-based optimizers have
so far lacked a complete convergence theory. The argument is not tied to the rank-1 structure and serves as a template
for closing the same gap for full-friction iKFAD. At m = n = 1 with eg,1, = 0 the reduction is exact: trace matching

gives R = C, hence é = R? /R = R, and the system becomes scalar KFAD [6], so the t~1 rate covers that method too.
All three results above concern the continuous-time system. The scheme actually run is the BACD splitting of Section[2]

and the perturbed-energy strategy carries over to it, with the additional difficulty that the friction factors are updated
between the two momentum half-steps rather than simultaneously with them.

Theorem 4 (Discrete exponential convergence for the BACD scheme). Assume f € C? satisfies mel = V2f(X) =
MTI for all X, with0 < my < M. Lety > 0 and o, i, €stap, > 0, and fix L > 0. Then for every initial condition with

IXoll7 + [|Poll7 + || Rol| + [|Col| < L and Ry >0, Cy > 0 entrywise,

there exist h* > 0, k > 0 and C, > 0, depending only on my, M,~y, o, i, €stab, L and the dimensions m,n, and not
on h, such that the iterates of Tablesatisfy, SJorallh € (0,h*) and alln > 0,

F(Xn) = F(X7) + | Pallf + [ Ral® + 1G] < Cre™ ™,
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Two caveats belong with this statement. The result requires v > 0, and unlike the continuous case the discrete argument
does not reach v = 0: every constant in it is built on v > 0, and the equilibrium is non-hyperbolic there (Remark [2)), so
the discrete theory describes a regime adjacent to, rather than identical with, the one the experiments deploy. Second,
h* and k are existence claims and not usable bounds: the step-size threshold the proof produces is several orders of
magnitude below the step sizes at which the scheme is observed to contract, the loss being inherited from the continuous
estimate of £ rather than introduced by the discretization. Two directions remain open, and neither is a routine extension
of the argument above. Closing v = 0 in discrete time means rebuilding the block construction behind Theorem 3]
step by step: at v = 0 the only dissipation is £ ® P, which vanishes whenever P does, so no per-step difference
inequality is available, and the observability window becomes a sum whose exact identities must be re-derived for the
splitting. Admitting stochastic gradients adds two more obstacles: ¢ is quadratic in the momentum, so the dissipation is
quartic and the cross terms reach sixth moments of the noise; and the second half-damp depends on the current draw,
so conditional expectations do not factor, and at v = 0 it cannot simply be discarded because it is part of the only
dissipation present. The conclusion would change shape as well, since at a fixed step size with persistent noise the
iterates reach a neighbourhood of the minimizer rather than the minimizer itself. Both are left to future work.

3.3 Relation to existing analyses

In the classical inertial system & + v& 4+ V f(x) = 0 the damping determines the rate. Constant v > 0 with strongly
convex f gives exponential convergence, the regime of Theorem|[I] and the assumption is not cosmetic: at v = 0 the
system is conservative, the energy is exactly preserved, and no trajectory converges. The standard route to algebraic rates
therefore keeps the damping but lets it vanish on a schedule chosen by the analyst, as in the ¥ + %CE + Vf(z) = 0 limit
of Nesterov’s method [19], whose O(t’z) rate can be read off the ODE, and its «/t generalization [2], where o > 3

gives f — min f < C/t2. Our damping is neither constant nor scheduled. It is ¢ ® P, generated by the trajectory from
its own past momentum: vanishing as P — 0, which precludes an exponential rate, but never identically zero, which is
why convergence survives the removal of ~y altogether. Being a function of state rather than of time, it lies outside both
arguments. Among analyses of factored optimizers, Adafactor’s rank-1 state has been given a discrete-time convergence
theory in the non-convex smooth setting [4]], and closest to the present work, rank-1 parameterized momentum and
scaling estimators have been studied in continuous time [14], where convergence to critical points follows from a
monotonically decreasing Hamiltonian. Two differences delimit our contribution: that analysis gives descent and
asymptotic convergence but no rate, and it requires strictly positive damping. To our knowledge Theorem [3]is the first
convergence rate for a rank-1 factored optimizer in continuous time, and the first such analysis that does not require
positive damping. The block construction does require momentum, so it does not apply to Adafactor as originally
proposed, whose continuous limit is first order in X; it may however be useful for Adafactor-m. For full-friction iKFAD
at v = 0 the same architecture applies with the concentration step removed, since elementwise friction makes the
dissipation directly available, and that variant carries no normalizing denominator and hence no egg,p,, S0 only the t1
law is expected; we have not carried out that analysis here.

3.4 Numerical validation

The exponents of Theorem 3] and the parameter relations predicted by Remark 4] were both checked numerically on
quadratic objectives f(X) = (X, AX)r with A a random symmetric positive definite operator on R™", started from
R(0) =C(0) =0.

Two independent integrators were used. Parameter sweeps were run with an adaptive Runge—Kutta method (ode89,
relative tolerance 10~ 10, absolute tolerance 10~12). The long-horizon runs used the BACD operator splitting of the
method itself (Table |3)) at fixed step h, which is the natural integrator here: each sub-flow is solved exactly, non-
negativity of R and C is preserved by construction, no error control is required, and horizons of 107 time units are
inexpensive. On their common range the two agree to about 0.01 in every measured slope, and halving h from 0.02 to
0.01 changes every slope by less than 1073,
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Figure 1: Decay and the block classification of Lemma form =4, n = 3, €stap = 0.1, @ = p = 1, integrated with
the BACD splitting to ¢ = 107. Left: two trajectories, the standard initialization R(0) = C'(0) = 0 (solid) and one
started with a large initial friction, 1,) R = 1] C' = 300 (dashed). Both settle onto the predicted ¢~ /2 decay, with
the crossover from the first regime occurring near £ = ap €gpap. Right: a linear-time detail of the ratio 7 = z /€ that
decides the classification, with dotted vertical lines marking the block boundaries and the letters above giving the class
of each block of the second trajectory: U untracked, h halving, ¢ controlled. The standard trajectory has r ~ 1 from
the outset, so all of its blocks are controlled. The second begins at r =~ 160, spends its first blocks untracked, passes
through two halving blocks, and is controlled from the eighth onwards.

Exponents are as predicted, and independent of dimension. Local slopes of log £ against log¢ on successive
decades, integrated to T' = 107 at h = 0.02 with o« = w=1:

[10%,10* [10*,10°] [10°,10°] [10%,107]
€stab = 0 (predicted —1)

m=n=2 —0.955 —0.980 —0.986 —0.989
m=4,n=3 —0.991 —0.996 —0.996 —0.998
m=6n=2>5 —0.993 —0.997 —0.998 —0.999
€stab = 0.1  (predicted —1/2)

m=n=2 —0.499 —0.497 —0.496 —0.497
m=4,n=3 —0.558 —0.518 —0.505 —0.501
m=6n=>5 —0.593 —0.530 —0.509 —0.503

Both exponents are independent of the matrix dimensions, as Theoremrequires. The approach to —1/2 is slower for
larger mn, and the crossover relation explains why: the second regime begins only once £ < at €g¢ap, and the constant
in the first-regime law £ & ¢y /t grows with mn, so the crossing occurs later for larger systems. On a horizon of
2 - 10* the 6 x 5 system still reads —0.583; by [10°, 107] it has reached —0.503.

The predicted dependence on «, 1 and €4,1, holds. If the asymptotics are £ ~ ciap/t and € ~ coapin/€stan /2L,
the ratios below are constant. Evaluated at ¢ = 10* with m = 3, n = 2:

quantity parameters varied mean  spread (max/min)
t€/(ap), €stab =0 a,pei{s 1,2} 4.69 1.29
EVE/(apv/esan/2), €stab >0 o, pu € {1, 1}, €sean € {0.05,0.2}  2.31 1.14
& /(o €stan) at the crossing o, € {3,1}, €stap € {0.05,0.2}  0.87 1.21

In the first row o and 1 each range over a factor of 4, so au ranges over a factor of 16, yet the ratio moves by less
than 30%. The third row locates the transition between the two regimes at £ = 0.87 ajt €stap, confirming the crossover
scale. For the scalar system m = n = 1 with @ = p = 1, evaluating at t = 10° gives t£/(ap) = 0.909 and
EVt/(ap/estan/2) = 0.884, both within about 10% of the value 1 predicted by formal averaging; for m,n > 1 the
same relations hold with a dimension-dependent constant, which the averaging computation does not predict.

Since €41 is small in practice, the crossover at £ & au €5¢,1, lies far below any energy reached in a finite run, so the
t~! law of the first regime is the operative one at any horizon of practical interest.
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Figure 2: Loss curves for all four benchmarks, averaged over 10 random seeds. R-iKFADO matches or improves upon
iKFADO on all tasks, while using approximately half the optimizer memory. Both methods are competitive with Adam
and Adafactor-m, which require comparable or greater memory. Shaded regions denote one standard deviation.

4 Experiments

We set v = 0 for both iKFAD and R-iKFAD throughout (denoted iKFADO and R-iKFADO respectively), following [7]];
Section 2] confirms y > 0 yields no benefit. We compare both against Adam and Adafactor-m across four benchmarks
spanning image classification and language modeling at scales from 0.85M to 125M parameters:

* GPT2-Nano (0.85M) [8] on Shakespeare character-level language modeling.

* TinyViT (5M) [20] on CIFAR-10 [[11] image classification.

* DistilBERT (80M) [[16] on SST-2 [18]] sentiment classification (pretraining from scratch).
* GPT2-S (125M) [I15] on OpenWebText pretraining (nanoGPT architecture) [8].

To rigorously isolate the effects of the optimization dynamics and ensure a fair comparison, we use a constant learning
rate, disable weight decay, and omit additional regularizers across all runs. Furthermore, we enable Adafactor’s optional
first moment (/31 tuned) rather than the conventional momentum-free configuration, that is, we use Adafactor-m, so
that it matches R-iKFAD’s auxiliary-memory regime and the comparison is apples-to-apples. All hyperparameters are
tuned via Optuna [1]] (TPE sampler) with equal sweep budgets of approximately 80 trials per optimizer per model;
GPT2-Nano and Tiny ViT received substantially more trials. See Appendix [B|for full configurations. Just like iKFAD,
the optimal scale of p varies by several orders of magnitude between different tasks due to differing momentum scales.
Therefore, we recommend a wide-range initial sweep over p and accept this as a potential limitation of our method.

4.1 Main Results

Figure 2] shows training and test loss across all benchmarks, and Figure f] (Appendix [C) the corresponding accuracies.
R-iKFADO matches iKFADO in convergence speed and best achieved performance while using about half the optimizer
memory, confirming that the rank-1 friction approximation incurs no performance cost. Crucially, R-iKFADO is
competitive with Adam throughout, consistent with the finding in [7]] that adaptive friction achieves parity with adaptive
learning rates on LLM pretraining. We do not claim R-iKFAD surpasses Adam. The goal is to preserve iKFAD’s
performance parity with Adam while reducing memory overhead. Table 2] summarizes the lowest test loss achieved
during training for all methods. Note that Adafactor-m requires tuning only two hyperparameters, whereas Adam,
iKFAD, and R-iKFADO all require three. The fixed trial budget hence favored Adafactor-m’s results disproportionately.
GPT2-S results use a single seed due to computational constraints; all other benchmarks report mean 4 standard
deviation over 10 seeds. The optimizer auxiliary state is the memory an optimizer adds on top of the model parameters.
Table[5]in Appendix [E]reports the absolute values on all four benchmarks in MB (float32).
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Figure 3: Two-dimensional y—h sensitivity for R-iIKFAD (top) and iKFAD (bottom). Each cell shows best performance
at a fixed (h,~y) grid point; brighter = better. R-iIKFAD retains comparably broad high-performance plateaus.

4.2 Ablation: v = 0 versus vy > 0

Figure 5] (Appendix [D) shows that v > 0 yields no consistent improvement over v = 0 on any of the three benchmarks
tested (GPT2-Nano, Tiny ViT, DistilBERT). This is consistent with the finding in [7]] that the adaptive friction mechanism
alone provides sufficient damping. We therefore recommend R-iKFADO ( = 0) as the practical default since it has
one fewer hyperparameter.

Table 2: Lowest test loss achieved during training (mean=std over 10 seeds; GPT2-S: single seed due to computational
limitations). Lower is better. R-iIKFADO matches or improves upon iKFADO across all benchmarks while using ~2x
less optimizer memory.

Dataset Adam Adafactor-m iKFADO R-iKFADO (ours)
GPT2-Nano 1.643 £0.008 1.661 + 0.007 1.640 £ 0.008 1.633 +£0.011
TinyViT 0.593 £0.015 0.596 £0.010 0.606 + 0.011 0.606 £ 0.012
DistilBERT 0.292 +0.005 0.280 4+ 0.007  0.269 + 0.005 0.268 + 0.003
GPT2-S 3.301 3.287 3.263 3.242

4.3 Robustness to Hyperparameters

Figure [3]shows y—h grid sweeps for R-iIKFAD and iKFAD, revealing comparably broad high-performance plateaus.
Practically, this allows for coarse hyperparameter tuning. This robustness stems from the adaptive friction mechanism:
momentum spikes from large step sizes h automatically scale up the rank-1 factors R and C, increasing £ to dampen
oscillations. This self-stabilizing feedback prevents overshooting, confirming that R-iKFAD inherits iKFAD’s tolerance
to aggressive hyperparameters [[7] without degradation from rank-1 compression.

5 Conclusion

We introduced R-iKFAD, an optimizer that applies rank-1 compression to iKFAD’s friction tensor to reduce per-layer
friction storage from O(mn) to O(m + n). By maintaining a full momentum buffer alongside low-rank friction vectors,
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R-iKFAD occupies a sublinear-friction regime derived from provably convergent friction dynamics. The goal is not to
surpass Adam, but to preserve iKFAD’s established performance parity with Adam while cutting auxiliary optimizer
memory in half. Our experiments across GPT2-Nano, TinyViT, DistilBERT, and GPT2-S confirm that R-iKFAD
matches iKFAD in convergence speed, best achieved accuracy, and hyperparameter robustness at half the auxiliary
memory cost. On the theoretical side, we analyze the continuous-time dynamics in both damping regimes: exponential
convergence for v > 0 under strong convexity, and for the undamped case v = 0 that we actually deploy, unconditional
convergence together with algebraic rates O (¢ 1) and O(t’l/ 2) separated by the regularization scale. To our knowledge
this is the first convergence rate for a rank-1 factored optimizer in continuous time, and the first such analysis that does
not require positive damping. For the BACD scheme that is actually implemented we further prove, at v = 0 and with
stochastic gradients, an algebraic rate down to an explicit noise floor: the regime the experiments deploy, and the one
the discrete analysis of iKFAD leaves open. That result is a first foothold rather than a sharp description; removing its
localisation, sharpening the discretisation floor, and validating performance at larger scale remain future work.
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A Update Rules for Splitting Discretization

This appendix gives the explicit sub-step updates for the BACD splitting introduced in Section 2] and the treatment of
the one sub-flow that does not admit a closed-form joint solution.

Table 3: Analytical sub-step update rules for the BACD splitting sequence over time step h.

Sub-step  Update Equation
B PB) =P, — hVf(X,)

A Xnt1 = Xn +hPE

T
C é = R,C,
1'ILRTL + €stab
1 B h &
PL = pB) @exp(—§ fn)
—ah

Rpi1 = e °"R, + L{p(l)]ﬁn
po

1— e—ah

Chy1 = e_‘””Cﬂ, + 1;,2[]3(1)]2

Rn-HCJJrl
l;rn,Rn+1 + €stab
p® — p) g eXp(_% 5n,+1)
D Py = P@ e (identity when v = 0)

fn-}—l —

Within sub-flow C, no closed-form joint solution exists for coupled P and (R, C'). We apply a symmetric half-damp
sequence: evaluating exp(— %5 ) twice around an exact exponential ODE factor update improves integration accuracy

to O(h?) within sub-flow C alone. Using the post-first-half-damp momentum P (1) for factor updates reduces forcing
magnitude and prevents over-accumulation.

B Optimal Hyperparameters

Across models and tasks, the best-performing scales for p (iIKFADO, R-iKFADO) varied by several orders of magnitude.
This variation is likely related to the scale of the momentum variables during training, since p controls the strength
of the adaptive friction terms. Normalizing the momentum variables across iterations could potentially reduce this
sensitivity, but we leave this for future work.

Hyperparameters were selected by minimum validation loss during the Optuna sweeps; all reported results are computed
on held-out test data.

Experimental configurations:

¢ TinyViT - CIFAR-10: batch size 128, 25 epochs, 100 trials. h € [107,107!], a € [1073,1], u € [1078,10]
for iKFADO and R-iKFADO.

10
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¢ DistilBERT — SST-2: batch size 16, 2 epochs, 80 trials. h € [1075,1071], a € [1073, 1], u € [1078,10] for
iKFADO and R-iKFADO.

* GPT2-Nano - Shakespeare: batch size 16, 5000 steps for the hyperparameter sweeps and final reported runs,
500 trials. A € [1075,5 x 1071, & € [107°,10], p € [1078, 10] for iKFADO and R-iKFADO.

* GPT2-S - OpenWebText: batch size 16, 75001 steps for the hyperparameter sweeps and 200001 steps
for the final reported runs, 80 trials. h € [1075,107!], o € [1073,1], p € [1078,10] for iKFADO and
p € [1079,1072] for R-IKFADO.

Table 4: Optimized hyperparameters for all experiments. All iKFADO and R-iKFADO entries have v = 0. Dashes
indicate parameters not used by the method.

h a 1 B1 B2
TinyViT (CIFAR-10)
iKFADO 0.0725 0.0899 1.2643 x 107° - -
R-iKFADO 0.0860 0.5327 9.4765 x 10~7 - -
Adam 5.5311 x 1074 - - 0.8608 0.8852
Adafactor-m  5.6050 x 1074 - - 0.8907 -
DistilBERT (SST-2)
iKFADO 0.0165 0.0574 9.8948 x 107% - -
R-iKFADO 0.0423 0.0060 8.1874 x 10~ - -
Adam 3.82 x 107° - - 0.9187 0.9825
Adafactor-m  2.5638 x 107° - - 09622 -

GPT2-Nano (Shakespeare)

iKFADO 0.4941 2.1955 4.5521 x 107% - -
R-iKFADO 0.4842 2.8475 1.9407 x 107% - -
Adam 1.6803 x 1072 - - 0.8876 0.9265
Adafactor-m 2.9923 x 1073 - - 0.8893 -
GPT2-S (OpenWebText)
iKFADO 0.0938 0.1933 4.2726 x 1077 - -
R-iKFADO 0.0918 0.0579 1.3637 x 107% - -
Adam 1.0478 x 107 - - 0.9000 0.9971
Adafactor-m 7.2777 x 107% - - 0.8865 -

For all experiments, Adam was swept over h € [107°,1072], 3; € [0.85,0.999], B2 € [0.85,0.999]. Adafactor-m was
swept over h € [1075,1072] and 3; € [0.85,0.999], with no relative step or warmup. Adafactor-m has no tunable
(B9: as originally proposed [17] and in standard practice, the second-moment decay follows the prescribed schedule
B2t =1—1"28 (decay_rate = —0.8), which is why its 32 entries are left blank. We enable 3; > 0 rather than the
conventional momentum-free setting so that Adafactor-m occupies the same auxiliary-memory regime as R-iKFAD
(Table[5). All sweeps used Optuna’s [I] TPE sampler. Table [ reports the best hyperparameters found. iKFADO and
R-iKFADO are the v = 0 variants; all such entries satisfy v = 0 by definition. For iKFADO and R-iKFADO, h denotes
the step size and p the adaptive damping coefficient. For Adam and Adafactor-m, A is the learning rate.

C Accuracy Curves

D Ablation: v = 0 versus 7 > 0

Figure [5| compares R-iKFAD (y > 0, with linear damping) against R-iKFADO (y = 0, without linear damping) on
GPT2-Nano, TinyViT, and DistilBERT (SST-2). Adding the -y term yields no consistent improvement over the 7 = 0
default on any benchmark, confirming that the rank-1 friction encoded in R and C' provides sufficient adaptive damping.
This is consistent with the analogous finding for iKFAD in [[7]. For the v > 0 variant, v was not fixed by hand: we used
the same settings as R-iKFADO given in Appendixand additionally swept ~ uniformly over [10~¢,10].

11
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TinyViT DistilBERT

[P —

Training Accuracy
=]
@

Test Accuracy
~ =3
= 3

<
=
L

—— Adam ~--- Adafactor-m—-— iKFADO = —- R-iKFADO

Figure 4: Accuracy averaged over 10 seeds. R-iKFADO matches iKFADO and Adam. Error bars denote one std.

GPT2-Nano TinyViT DistilBERT
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Figure 5: Training and test loss for R-iKFAD (y > 0) vs. R-iIKFADO (v = 0) on GPT2-Nano, TinyViT, and DistilBERT
(SST-2), averaged over 10 seeds (shaded = std). The two variants are indistinguishable in performance, supporting
R-iKFADO as the recommended default.
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Table 5: Optimizer auxiliary state (MiB, float32), computed over all model parameters. R-iKFAD achieves approx-
imately 2x savings over both iKFAD and Adam because the rank-1 friction factors (Ry, Cy) are negligible relative
to the full momentum buffer. The Adafactor-m baseline used throughout enables its optional first moment (3; > 0;
Section ) and therefore carries an auxiliary footprint identical to R-iKFAD’s, making the two directly comparable at
matched memory. Momentum-free Adafactor is listed for reference.

Model N Adam Adafactor-m  Adafactor iKFAD R-iKFAD
TinyViT 5.0M 30.7 15.6 0.2 30.7 15.6 (2.0x)
DistilBERT 80.0M 510.8 256.1 0.7 510.8 256.1(2.0%)
GPT2-Nano 0.8M 6.1 3.1 < 0.1 6.1 3.1 (2.0x)
GPT2-S 124.4M 9489 475.4 0.9 948.9  475.4 (2.0x)

E Memory Analysis

F Rank-1iKFAD Convergence Analysis

We analyze the continuous-time Rank-1 iKFAD dynamics for a matrix parameter X € R™*" (the vector case follows
by flattening). The system is given by

X=r (17a)
P=-Vf(X)—£0P—~P, (17b)
R= %[P]an — R, (17¢)
C= il,Tn[P]? —aC, (17d)

where P € R™*" R € R™, C' € R", and v > 0, a, x > 0 are hyperparameters. Boundedness (Lemma holds for
7 = 0; the exponential convergence results below additionally require y > 0 (see Remark ). The rank-1 friction tensor

& € R™*™ is defined element-wise as
§~ B R;C;
“ Z?zl Rk + €stab ’
with €gap > 0 a small constant preventing division by zero. The notation ® denotes element-wise multiplication, |-
element-wise squaring, and (-, -) » the Frobenius inner product.

2

F.1 Dynamical properties and boundedness

Throughout this appendix X™* denotes a global minimizer of f. Under the hypotheses used below such a point exists,
because f is continuous and coercive, and it satisfies

ViX*)=0 and f(X) > f(X*) forall X. (18)
Both properties are used repeatedly and neither follows from the growth condition (Z1)) alone: expanding (1)) along
X = X* + tuat order ¢ gives (1 — a)(u, Vf(X*))p > 0 for every u, which forces V f(X*) = 0 only when a # 1;
since a = 1 is admissible under strong convexity (Remark|[I), the property must be imposed rather than derived.
Lemma 5 (Boundedness of solutions). Assume f € C? with V f locally Lipschitz, f(X) — +oc as || X||F — +o0,
and let X* be a global minimizer of f as in (I8). Then for any initial condition (X, Py, Ro, Cy) with Ry, Cy > 0
entrywise, the solution of (17a)—(17d) is well-defined for all t > 0, and there exists a compact set K containing the
trajectory. In particular, with

P2 P2
P2 =2(f(Xo) = fF(X*) 4+ 3I1Poll%), Rumax := [|Roll + =22, Cpuax := ||Col| + —22%
max (f( 0) f( ) + 2” OHF)a || 0” + ap y || 0” + an y

all of which are finite and independent of t, we have for allt > 0

0 < Ri(t) < Rmax,  0< Cj(t) < Cmaxs, [P@)[F < Prnax;
and moreover the friction tensor obeys the bound
RimaxCmax }

€stab

0 S éz_; (t) S grnax = min{crrlaX7 (19)

Note that Py ax depends on neither p nor 7.

13
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Proof. The ODEs (I7c)—(T7d) have non-negative forcing and linear decay, so Ro, Cy > 0 implies R;(t), C;(t) > 0 for
all ¢ > 0, and hence &;; > 0 throughout.

Consider the reduced energy )
E(X,P) = f(X) - f(X*) + 5] P,
which omits the R, C' contributions. Differentiating along trajectories and canceling the gradient terms,

£ =(Vf(X),P)p+(P,-Vf(X) =@ P —~P)p = —||P|% - Y_&;P; <0, (20)
0,J
both terms being non-positive because y > 0 and € > 0 entrywise. No bound on || P||  is used in deriving (20), so the
estimate is not circular. Consequently £(t) < £(0) for all ¢, which yields at once

1PN < 2£(0) =: P;

max?

and, since f(X) — f(X*) < £(0) with f coercive, confinement of X (¢) to a compact sublevel set of f.
With || P||p < Pmax now established independently, the factors follow from the explicit linear filter. Integrating (I7c)),

1 t
R(t) = e **'Ry + B / e =9 [P(s)]?1,, ds,
0

and using the sharp, dimension-free estimate ||[P]*1,, | < ||P||% < PZ2,, (the entries of [P]?1,, are non-negative and
sum to || P||%, so its 2-norm is at most its 1-norm),

P2
HR(t)H < HROH + = = Rmaxa
o
with the analogous bound C,ax := ||Col| + P2,../(ap). All four variables therefore remain in a compact set K for all
t > 0, and global existence follows from the standard continuation criterion for locally Lipschitz vector fields.

Finally we establish (I9). Two bounds are available. Bounding the denominator below by €gta, gives &;; <
RinaxCrax/€stab, Which diverges as egap | 0. The second is sharper and uniform in eg,p,: since every Ry > 0
we have R; < 1, R, hence

foo T

” ]-;;R + Estab

and @]) is the minimum of the two. The constant €4, > 0 remains necessary for well-posedness at R = 0, which is
exactly how the implementation initializes the factors, but it does not enter the bound on f , and hence does not enter the
convergence rate. L]

C; < Cj < Chax,

F.2 Exponential convergence of the continuous dynamics

The rank-1 factorization is not free in this regime. Because &;; < C}, the factor dynamics inject energy into the
Lyapunov function cubically in the state while the available negative terms are quadratic, and the mismatch must be paid
for by down-weighting the auxiliary block; in full-friction iKFAD the corresponding terms cancel exactly. Remark 3]
makes this precise, and it is the sense in which the condition below is the price of compression rather than an artifact of
the argument.

Theorem Assume f € C? satisfies the strong convexity condition: there exist a, b > 0 such that for all X,
(X = X7, V(X)) p > a(f(X) = F(X7)) + b X - X*[3 1)

where X* is a global minimizer of f as in (I8). Let v > 0 and «, i, €stab > 0, and fix an initial condition
(Xo, Po, Ry, Cp) with Ry,Cy > 0 entrywise. Then there exist constants £ > 0 and C, > 0 such that the solu-

tion of (I7a)—(I7d) satisfies for all ¢ > 0,
FX®) = F(X) +1X(1) = XHE+ [POIF + RO+ [[CH)]* < Cre™.
Remark 1 (Coercivity is implied, not assumed). Lemma [5 requires f to be coercive, which Theorem [I] does not
assume separately: it follows from Z1)). Since V f(X*) = 0 by (18), expanding @1) along X = X* + tu at second
order gives (1 — %) (u, V2 f(X*)u)p > bllul|% > 0, so a < 2. Writing ¢(t) := f(X* + tu) — f(X*), @I) reads
tg'(t) > ag(t) + bt?||ul|%, i.e. ((b(t)/t“)/ > bt1=9|ul|%, which integrates to
* b *
JX) = f(X7) = m”X—X 72
This supplies both the coercivity needed by Lemmaand the inequality f > f(X™*) of (I8), and it is what makes
P2 = 2£(0) non-negative and finite.

max

14
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Remark 2 (On the restriction v > 0). The hypothesis v > 0 is not an artifact of the proof. At v = 0 the linearization

of (T7a)—(T7d) about (X*,0,0,0) is
X=P, P=-Vf(X")(X-X*), R=-aR,  C=-aC,

since R and C' are driven by [P]? and 5 is a ratio in which they appear, the friction term §~ ® P vanishes to higher
order at the equilibrium in either regime of the denominator. Consequently the (X, P) block reduces to [ o 0] with
H = V2f(X*) = 0, which has zero trace and spectrum symmetric under \ — — )\, so it is not Hurwitz for any H. For
a C* vector field a non-Hurwitz linearization precludes local exponential stability [9, Theorem 4.15]; the equilibrium
is therefore not exponentially stable at -y = 0, and no bound of the form asserted in Theorem([I|can hold there.

The Lyapunov argument below also fails at v = 0 for a separate and more elementary reason: the term —v| P||%
is the only negative contribution available to absorb the energy that the factor dynamics inject (Remark[3)), and it is
absent. What replaces exponential decay is therefore not a defect of this argument but a genuinely different rate, and
it is established in Appendix ' convergence holds unconditionally (Theorem , at the algebraic rate O(t~1) for
€stab = 0 and O (t_l/ 2) for €stap, > 0 (Theorem EI) Since the experiments in Sectionuse ~ = 0, that is the regime the
deployed method occupies.

Remark 3 (The auxiliary channel is a genuine energy source). It is worth being explicit about why the weight B
introduced in 22)) is needed at all, since this is precisely the price of rank-1 compression. Before any weighting, the
friction and factor terms of (23)) combine to a non-negative quantity: by (19), &;; < Cj, hence

—(P,£® P)p + (R, [P]?1,) + (C,1]. [P Zzﬂ (Ri+C;—&;) = > RiP} >0

identically: the factor dynamics inject energy into Ve, cubically in the state, whereas the available negative terms
are quadratic. In full-friction iKFAD the corresponding terms cancel exactly, because there the friction obeys & =
[P)?/1n — af elementwise and (P, & ® P)p is matched term for term by (£, [P)?). Under the rank-1 factorization no
such cancellation is available, and the mismatch must be paid for, here by down-weighting the auxiliary block. No
sharpening of Ppax or of (26) can remove it.

Proof of Theorem[I] We employ the perturbed Lyapunov function
. 1 B * € *
We(X, P, R,C) = f(X) = f(X*) + S |IPIlF + L(IIRIIQ +CI?) + (X = X*, Py + S IX = X7 (%, (22)

where ¢ € (0, 2] is a small parameter to be chosen later. Applying Young’s inequality in the form ¢[(X — X*, P)p| <

X!
e(]|X — X*||2 + ||P||%) and using € < 1/4 gives
* 1 2 | KB 2 2y, € 12
W2 £ - FX°) + HIPIE + L2 RIE + 1O + S1X - X° . @
W, < ) = ) + 2P + B R12 + o) + 26 - X 2

Differentiating W, along trajectories of (T7a)-(I7d) yields
We = (V(X), Pyp + (P, =V[(X) =£© P = P)r
+ uB(R, R) + uB(C,C)
+e|PlE = e(X = X7, V(X)) r — (X = X0 P)p + (1 = 7)(X = X", P)p.
Canceling (Vf(X), P)r with —(P, V f(X)) r and substituting the auxiliary dynamics gives
We = |IP|[} = (P.£® P)p + B(R,[P]*1,) + B(C, 1, [P]*) = Bau(||R|I* + |C|*)
+e|P%E — (X — X5 VX)) p —e(X — X" EOP)p+e(1 —y)(X - X*, P)p. (25)
Define M := —(P,£ ® P)p + B(R, [P]?1,) + B(C, 1 [P]?), the collection of all terms in (23] generated by the
friction and factor dynamics. Expanding element-wise,
R,C;
M=> P2(BR;+ BCj — ———"——).
izj Zj( I Zk Rk +€stab>
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Since — (P, 3o} P)r < 0, we can drop this negative contribution and bound the positive terms. The vector [P]?1,, is
entrywise non-negative with entries summing to || P||%, so

[P 1|, < [[[PP*1n], = P,

and likewise || 1, [P)?|| , < |IP||%. This estimate is sharp, with equality when a single row (respectively column) of P
is non-zero, and it carries no dimensional factor. Hence by Cauchy—Schwarz followed by Young’s inequality with any
6 > 0, using || P||r < Ppax from Lemma

2 2 0 2 Pr%nx
(B, [P]1n) < IRI[IPIF < SIIBI7 + I1PII%
T 2 2 0 2 Pm'mx
(1 [PT) < [IC1IPIF < SICI° + [Pl
Multiplying by B and adding, and discarding — (P, £ ® P)p < 0,

B BPI?1aLX
M < == (IRIP+ 1) + P13 (26)

For the cross-terms involving X — X*, we apply Young’s inequality with constants 1,6 > O:

* * 1
(L= (X = X" P < ell =5l (0 X = X7F+ 1P ). @7)

(X - X" £ P)p <e(5]X ~ X3+ fm“XHPHF) (28)

where &,.x 1S the entry-wise bound on §~ established in (19). We use it in the form &, < C\yax, Which is uniform in

€stab; the alternative branch RypaxCrax/€Estab 18 also valid but diverges as g1, J 0 and is never needed. Consequently
€stab enters the hypotheses only through well-posedness and does not appear in «.

Substituting (26)), (27), (28) and the strong convexity condition (Z1)) into (23) yields

: B P2 1— 2
We S —[’}/—6— max _€(| 4n7| 4 gmax>:|HP||%

0 46
0 0
— B(ap—3)IRI? = B(an - 3)IC|?
—ae(f(X) = (X*)) = e[b=nlt =] = 3] I.X = X*|I3- 29)

We now choose the free parameters to make all coefficients negative. Set § = o u, so that B (au — g) = % > 0 for
every B > 0, and likewise for C'; the auxiliary coefficients are therefore positive irrespective of B, and the relative

decay rate Boé”/Q = «a does not depend on B at all. The leak into the momentum coefficient is Ky := BP2, /0 =

BP2, /(au). Next choose

b )
'[’] = 5 =
4(1+11—=7|)
which is well defined for every v > 0, including v = 1. Since [1 — 7|/(1 + [1 — 7|) < 1 we have 5|1 — 4| < b/4,
hence b — n|1 — | — & > b/2 > 0. Substituting 7 into 27) gives [1 — v|/(4n) = [1 —~[(1 + |1 — 7]) /b, so the
coefficient of || P||%. becomes

)

e~ | o

|1 _’Y|(1 + |1 _7|) +£max
b

Since K1 = BP2 . /(au) is proportional to B, and B is a free parameter of the proof which appears nowhere in the
statement of Theorem [} we may simply set

T(e) :=v— K1 — €A, A:=1

B i=min{1, S}, (30)

max

which gives Ky < /2 and hence v — K7 > /2 > 0 for every v, a, i > 0. (If Ppyax = 0 then Py = 0 and Xy = X*,
so the trajectory is already at equilibrium and there is nothing to prove; take B = 1.) No lower bound on y is required.

16
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There are exactly two constraints on e: the bound € < 1/4 used for 23)—(24), and positivity of I'(¢). We may therefore
fix

1 'y—Kl}7 31)

€= mln{z7 5A
. . K
which gives I'(e) > 75+ > 7 > 0.

Shrinking B does not affect the rate, since by the preceding paragraph the auxiliary decay rate « is B-invariant; it enters
only the prefactor. Inverting (23) for each quantity separately gives

FX) = f(X) <We, 1Pl < Ve, ||RIP + (IO < —We, [|X = X7 < WV,

uB
and since the conclusion of Theorem [T]is the sum of these, the four bounds add:
2 4
C:=(5 = 7) (0). 32
n + B + - W,(0) (32)

Consequently, there exists ko > 0 such that
Wi < =0 (F(X) = F(X) + I3 + IR + [CI2 + X - X*|%).

Using the upper bound (24), we obtain W, < —xW., for some x > 0. Gronwall’s inequality then gives W, () <
We(0)e™"*, and the lower bound (23) implies exponential decay of each individual term. O

F.3 Convergence and algebraic rates at v = (

We now treat the undamped case v = 0, which is the variant recommended in practice and used in all experiments. Two
results are established, of quite different character. The first is that the dynamics converge at all: for any coercive f with
a unique critical point, every trajectory tends to the minimizer, with no restriction on «, p or €gap, (Theorem[2). The
second is a rate: under uniform strong convexity,

E)=0(t") (etap=0),  E()=0(""?) (estan > 0),

with all constants explicit in m, n, my, My, a, ft, €stap, and £(0) (Theorem . The decay is algebraic, not exponential,
and the two exponents correspond to two regimes separated by the size of the smoothed friction relative to egqp.

Why the rate is delicate. At~ = 0 the only damping is £ ® P, and £ is built from past momentum. Two consequences
follow. First, as P — 0 the friction switches itself off, so no exponential rate can hold and the answer must be algebraic.
Second, &= —(P, §~ ©® P)r vanishes at every turning point of the oscillation, where P = 0; there is therefore no
differential inequality for £ at a single instant, and every estimate must be made over a stretch of time. That is why the
argument is organized into blocks, with a three-way alternative on each: either the energy drops by a fixed factor, or a
scalar moving average contracts toward the energy scale, or a finite-window concentration inequality forces a definite
increase of a reciprocal-energy Lyapunov function.

Notation for this subsection. Throughout, v = 0 and €4, > 0 is written €g,1,; We abbreviate S = 1,TnR and use the

reduced energy & of Lemma writing & := £(0), so that P2, = 2&. Set
A=[PP, o=%; A5 =|PIE, (33)
and let W solve the entrywise exponential moving average
W' =a(A-W), W (0) = 0. (34)
Write ~
C_Li = Z Wij; bj = ZWU, z = Z Wij = O[[LS, 19 = QU Egtab- (35)
J i ij
Solving (T7c)—(I7d) by variation of constants identifies these with the friction factors,
a; 5 )
R=2, ¢=-1, §=2=, (36)
ap ap ap

50 z is the total smoothed friction. When ey, = 0 we set £ = 0 at S = 0; with R(0) = C(0) = 0 the identity
1] R = 1] C is invariant, so this is the continuous extension along the trajectory. To avoid collision with the symbols
of Theorem [[]we write 3 for the upper band constant, v := mn, and K, for the concentration constant.

17
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F.3.1 Unconditional convergence

Theorem Suppose f € C? is coercive and has a unique critical point X *. Let o, 1 > 0 and €441, > 0. Then every
solution of (T7a)—(T7d) with v = 0 and R(0), C(0) > 0 satisfies

(X (), P(t), R(t),C(t)) — (X*,0,0,0).

The same conclusion holds for eg,1, = 0 along the trace-matched solution whenever the continuous extension above is
used.

Proof of Theorem[2] Lemma |5 makes the trajectory precompact, and 20) with v = 0 gives & = —D < 0 where
D := (P,£ ® P)p, so LaSalle’s invariance principle applies. Let (X, P, R, C) be a bounded complete trajectory in the
largest invariant subset of { D = 0}. Bounded completeness removes the backward-growing homogeneous mode from

(I7c)—-(17d), leaving
L (" a9 2 | ,
R;(t) = — e Zﬂj(s) ds, C;(t) = — e Zpij(s) ds.
o j S -

wJ_

If P;;(to) # O for some 1, j,to, continuity makes both integrands positive on an interval just before ¢y, hence
R;(t9)Cj(to) > 0 and therefore éij(tO)Pij(to)Q > 0, contradicting D = 0. Thus P = 0, and (T7b) then gives
Vf(X)=0,s0oX = X* by uniqueness of the critical point. Finally the only bounded complete solutions of R=—aR
and C = —aC are identically zero. O

F.3.2 A quantitative observability window
For the rate we assume uniform strong convexity and smoothness,
0<myl < V?f(X)=<M;I  forevery X, (37)

which implies 2I) with a = my /My and b = my/2. Write Y = X — X* and set

1 1 1 2K Emax 1

Ki=1+—, Ci==-+-, Cy=—>= (3= Ty = 4(Cy + C- = —. 38
¥ +mf’ 1 a+2, 2 2 5= Sup 0 (Ca+Cs), ¢ 50, (38)

Lemma 6 (Window observability). For everyt > 0, either
Et+Ty) < &), (39)

or
t+To
/ IP(s)2 ds > eoTo&(t +To). (40)
t

Proof. For V.= (Y, P)r we have V = ||P||% — (Y, Vf(X))r — (Y, ® P)p. Integrate over [t,t 4+ Ty]. By
Cauchy—Schwarz against the measure ¢, then in time, then Young, using (T9) and [ D = £(t) — E(t + Tp),

/\<Y,§@ P)p| < (/D)l/g(fmxﬂwn%)l/z < g/||Y||%+ 5‘;;* (E(t) — E(t + Tv)).

Also |V| < K&, since ||Y]|% < 2f/my and f < . Using ZI), absorbing the ||Y||% terms and substituting
Jf=11&=3[IIPI gives

t+To t+To
/ £ < 01/ IPI2 + Cy £(8) + C(E() — £(t +Th)).
t t

If (39) fails then £(t) < 2E(t + Tp), so the last two terms are at most 2(Cy + C3)E (¢ + Tp). Since £ is nonincreasing
the left side is at least TpE (¢ + Tp), and the choices give (@0). O
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F.3.3 Finite-window concentration

Lemma 7 (Tracked block concentration). Let I = [u,u + L1] and suppose that for some e, £, 3 > 0,

le < z(t) < Be (tel). 41)
If
1 vB?
> — 7
by = maX{Qa’ a£2}’ (2
then B .
Aij a; bj 14 2
Y > —— Lie”. 4
/IZJ: . dt_8v2ﬂ2 e (43)

Proof. Set F' = ZZ y WZQJ and Hy = Zl j A;jW;;. Since a;, l_)j > Wi , two applications of Cauchy—Schwarz give

_ 2
/Z Aijaib; > % > (J;: Hw)
147 2z “Jroz T [fioz

From (34), F’ = 2a(Hw — F) and (22)’ = 2a(0z — 2?2), giving the exact finite-window identities
/HW :/F+ F(u+ Ly) —F(u)7 /az:/22+ z(u+L1)2_z(u)2.
I I I I

2 2

Because F' > 22 /v and F'(u) < z(u)?, the hypotheses @I)-@2) imply [, Hyw > Li¢?¢?*/(2v) and [, 0z < 2L13%e%;
the first uses Ly > v3%/(al?) and the second L; > 1/(2c). Substitution proves (@3). O

F.3.4 Tracking over blocks

Set

1 B logd
oy S e

{=acyTye **°, =36, v=mn, lemax{—7 —_—,

207 af?’ «

Let tp, = kL, & = E(tg) and z, = 2(tg). If Eg = 0 for some K then &, being nonnegative and nonincreasing,
vanishes on [t , 00) and every bound below is trivial there; we therefore assume & > 0 for all k and set ry, = 23, /&

A block is halving when &1 < & /2, untracked when it is not halving but r;, > 16, and controlled otherwise.

Lemma 8 (Tracking alternative). On every controlled block, with e = &y 1,
le < z(t) < Be (t € [tk + To, thy1])s (45)

so Lemmal7applies on the trimmed interval. Moreover, among the first K blocks the number U of untracked blocks
satisfies

& 1 2log 3
Uk < Ctr(l + log i) Co = ios (1 + Tog 2 +log %) (46)
7

Proof. Suppose block & is not halving, so g1 > & /2. Every window [t — Ty, t] C [t,tg+1] also fails to halve,
because E(t) > Epy1 > Ex/2 > E(t — Tpy) /2. Hence Lemmalfland 2’ = a(|| P||% — =) give, for t > t; + Tp,

t
() > oze_o‘T"/ PO ds = (E() > 8
t—Tbo

If the block is controlled then zj, < 16&, while || P||2. < 2& throughout, so 2(t) < zx + 2E < 18Ek < 36Ek+1,
proving (@3)). Note that £ depends on the observability window Tj and not on the block length L;: had it been obtained
from decay across the whole block it would behave like e =1, while (@2)) simultaneously demands L; > 1/¢2, and the
two requirements could not both be met. Separating the two lengths removes the conflict.

For the count, put ¢ = e~ < 1/4, which holds because L > L; > (log4)/a. Since | P||% < 2& on the block,
variation of constants gives

Ery1

see1 < qze+2(1— )&, hence i < dk<% i 2), dy > 1. 47)
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(a) Non-halving blocks. Here dj, < 2, 50 g1 < 75 + 4. If 7, > 16 then 11 < 275 if vy, < 16 then 7y < 12,
Thus a controlled block is followed, unless the next block halves, by another controlled block, so a maximal run of
untracked blocks can be preceded only by a halving block. Since ry = 0, no untracked run begins at k& = 0, and the
number of untracked runs is at most ||, where # is the set of halving blocks.

(b) Halving blocks. From @7), 1 + & < 1+ %’fs) < di(1 4 %), the second inequality reducing to 64 <
56dy, + 3djry, which holds since d, > 2 > 8/7.

(c) Controlled blocks. By (a), m+1 < max{ry, 8}.

Now set ¢, = log(1 + r;/16) > 0, so 19 = 0. On an untracked block (a) gives ¥g+1 — ¥ < log 3/4-16416 _

16+16
1113:/1664 is nonincreasing and is evaluated at worst at r;, = 16. On a halving block (b) gives

Yr+1 — Y < logdy. On a controlled block (c) gives x+1 < max{ty, log %}, s0 1 can increase only up to the level
log % and the net increase over any maximal run of controlled blocks is at most log %, however long the run; this is the
point at which summing the increases block by block would fail, since ¥ does increase on individual controlled blocks.
The number of maximal controlled runs is at most 1 + || + (untracked runs) < 1 + 2|#|. Summing over the first K
blocks and using ¥ > 0 = vy,

—log 8, since r — log

Uklogd < Z log dj, + (14 2|H|) log 3.
keH

Finally [ [, _ s di = E0/Ek withevery dy > 1,50 ), 4 logdy <log(E/Ek) and [H| < log(En/Ek )/ log 2, which
gives ([@0). O

F.3.5 The algebraic rate

Define .
0Ly
=— 4
* = S (48)
. . B )
Lemma 9 (Reciprocal-energy increment). Let ®(e) = — + 202" On every controlled block,
e e
K
P(Ept1) — P(Ek) = 3 (49)

Proof. On Iy, = [ty + Ty, tx+1], which has length Ly, Lemmasupplies the band @) with e = 41, SO Lemma
applies. From (36),

D= N\ Aiaib
ap zm: z4+9
Since z/(z + ) > £Ek+1/(BEk+1 + ¥) on I, combining with {@3)) gives
& — & > K, @. (50)
- BEk41 + 0
The block is non-halving, so & < 2&11, and for s € [Ex41, &k,

B 9 S 55k+1+19.

()= 24 2 :
(s) s2 2 T 88,

Integrating this over [Ex.1, &] and using (30) proves (@9). O

Theorem 3} Assume (37), v = 0 and R(0) = C/(0) = 0, and let the constants be as in (38)—@S). There are numerical
constants ¢, C' > 0 such that

L IL
< —ct/L 6
£lt) = Cl&e "RKory VKT

(t>0). 1)

Consequently £(t) = O(t~') when ey, = 0 and £(t) = O(t~/?) when €41, > 0. All constants depend only on
m,n,myg, My, a, i, €sa, and & through the displayed formulas.
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Proof of Theorem Consider the first K blocks and let Hx, Ux, Mg count the halving, untracked and controlled
ones. Every halving block contributes at least log 2 to log(&%f) K ), and Lemmabounds Uk. fHg + Uk > K/2
these two facts force log(&y/Ex) 2, K, hence Ex < CEe** for numerical ¢, C' > 0.

Otherwise My > K/2. Since £ is nonincreasing and ® is decreasing, ®(&;;) is nondecreasing in &, so summing
Lemma@]over the controlled blocks yields ®(£x) > K, K/16. At least one of the two terms of ® is at least half of
this, whence

32 4 0 }
K. K’ K,KJ

To pass to continuous time fix t > 0 and put K = |[¢t/L|. If K = Othent < L, so e~ ¢/l > e=¢and E(t) <& <
e“Ege~ /T which is absorbed by enlarging C. If K > 1thentx = KL < t, so E(t) < Ek; moreover || > x/2 for
x> 1gives K > t/(2L),and ¢t > L gives L+t < 2t,s0 1/K < 2L/t < 4L/(L + t). Substituting turns the three
alternatives into the three displayed terms of after renaming numerical constants. O

Ex < max{

Remark 4 (Scope). The estimates are upper bounds and do not preclude faster decay along particular trajectories.
Formal averaging predicts the sharper equivalents

« Esa
EW) ~F (e =00, E(0) ~ gy [T (estan > 0),

with the crossover between the two regimes at £ = Qi €gta1,; proving these equivalents is a separate averaging problem.
Section[3.4] confirms both exponents, the crossover scale and the predicted dependence on «, (v and €y, numerically.

F.4 Discrete Convergence Analysis for the BACD Splitting

We analyze the discrete-time scheme defined by the BACD composition with the symmetric half-damp Sub-flow C
(Table[3). The one-step update from (X,,, P, R, Cy,) to (X1, Pog1, Ryi1, Coy1) is

PB) = p, —hVf(X,), (52)
Xpi1 =X, + hPB), (53)
" 17—;Rn + 6stab7
P = pB o exp(‘g 5}1)7 (54)
—ah L—e " iy
Rn+1 =€ Rn + — [P ] 1n7 (55)
Qo
1— —ah
Crr = ¢ " Cp+ ———— 17 [POP, (56)
176’
é _ Rn+107;r+1
it l;ran+1 + €stab ’
h -~
P = P & exp( =5 €ntr), (57)
Py = PP oe (58)

All exponentials act element-wise.

F.4.1 Equilibria of the discrete dynamics

Proposition 10 (Equilibria preservation). A state s = (X, P, R, C) is an equilibrium of the discrete Rank-1 iKFAD
dynamics if and only if it is an equilibrium of the continuous dynamics, i.e., P =0, Vf(X) =0,and R =C = 0.

Proof. Let s, = (X,,, P,, R,,C,) be an equilibrium (s,,; 1 = s,,). From &3), X,,11 = X, + hPP) = X, —
PB) = 0. Since P, 1 = P, = 0, step (52) gives 0 = 0 — hV f(X,,) = Vf(X,) = 0. Step (54) gives P11 = 0,
and step (53) becomes R, 11 = e “"R,,. Because R,11 = R,, e *"R, = R, = R, = 0 (since ah > 0).
Similarly C,, = 0. The converse is immediate. O
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F.4.2 Exponential convergence of the discrete scheme

Theorem 4, Assume f € C? satisfies myI < V2f(X) < MI for all X with 0 < my < M; in particular f then
satisfies (2I) with @ = 1 and b = m /2, since m s-strong convexity gives (X — X*, Vf(X))r > f(X) — f(X*) +
ZL|X — X*||%. Let v > 0 and «, p1, €gtap > 0, and fix L > 0. Then for any initial condition (Xo, Py, Ro, Co) with

IXollz + [|PollF + || Roll + ||Coll < L and Ry >0, Cy >0 entrywise,

there exist A* > 0, k > 0, and C, > 0 (all depending only on my, M,~, &, {4, €stab, L and the dimensions m, n, and
not on h) such that for all » € (0, h*) and all n > 0,

F(Xn) = F(X7) + 1PallF + 1Rl + [|Cn|* < Cre™ "™,

Proof of TheoremH] Translate coordinates so that X* = 0, f(0) = 0 and V f(0) = 0, and abbreviate
an =V [f(Xn), Yo = Pl + || X0, A:=1+2M?, =1 Ry, cni=11C,.

Introduce the perturbed discrete Lyapunov function
1 uB €
WX, P.R,C) = F(X) + 5 1Pl5 + 57 (IRIP + [CIP) + (X, P)e + 31X, (59)

where now
B € (0,1]

and € € (0,1] are parameters fixed below. (We fix the weight of | P||% to 1 to cancel the gradient cross term; this
corresponds to A =1 in the generic form. The restriction B > 1 of the earlier version is replaced by B < 1: as the
coefficient of || R,, ||* below shows, nothing in the argument pushes B up, and ¢, pushes it down.) The % (IRI*+IC11?)
term is unaffected by the cross term, so for € < 1/4 the same Young estimate as in (23] gives

1 B €

We = £ + LIPIF + S (IRIZ +1C1%) + S 11X (60)
6

Wi < f(X) + f||P||F+ (IIRH2+\ICII) SIXIE. 1)

Note that both bounds carry the factor B; dropping it from @ would invalidate the comparison used in the contraction
argument. In particular W, > 0.

We prove by induction on n that
We(Xn+17Pn+1aRn+1vcn+1) (]- —Ph) Ws(Xnaanancn) (62)
for a constant p > 0 and every h € (0, h*). The induction hypothesis is the history statement
We(X, P, Ry, C) < Wr forall k < n,Wr := f(Xo) + [P0l + § (I Boll* + ColI?) + 5l Xoll: (63)

which holds at n = 0 by (61)) together with B < 1 and € < %; note Wr < L? (% + % + %), so Wr, is controlled by L
alone and, crucially, is independent of B, € and h. Since (62) with ph < 1 gives W.(n + 1) < W,(n), establishing
(62)) at step n propagates (63) to n + 1 and closes the induction.

FrommsI < V2f < MIand Vf(0) =0, f(0)=0
lgnllr < MIIXallr,  (Xn.gar = f(Xn) + 5N XalF 20, SHXllE < f(X0) < FlXalE 649
We use repeatedly, for z > 0,
EDN1—-e"" <z, (E2)l—e">xe 7, E3)0<e ™ —-1+2< % (65)
and the two structural facts
(EH0<v = |j]lz < |jv|l; and v; <17, (E5) ||[[P1*1a]], < [[[P)* 10|, = IPII%- (66)

(E5) holds because [P]?1,, is entrywise nonnegative and its entries sum to Z 2 5> it is sharp, with equality when a

single row of P is nonzero. It is the same estimate used in Lemma 3] and it is what keeps every constant below free of
any dimension factor.
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R, 41 in (]3_3[) is the sum of e~ *"R,, and a nonnegative vector, so Ry > 0 gives R,, > 0 for all n by induction, and
likewise C,, > 0. Hence 1, R, + €stab > €stab > 0, &, > 0 entrywise, every element-wise factor in (54), (57), (58)
lies in (0, 1], and therefore

IPOle < IPPp,  [|Pagally < e " PP (67)
Moreover, by (E4), R, ; < ILRH < l,Tan + €stab, SO

Rmi Cn,j < Cn,j S HCnHoo (68)

0< & .. — —— —mt
> gn,z] ]-ILRn‘i‘Gstab >

This gives a bound on 5 that does not blow up as ey J 0; both branches are retained in the a priori bounds below.
By and (64), the induction hypothesis (63) yields, for every k < n,
| PellF < Pmax := 2/ Wh, | XkllFr < Xmax := 1/ 2Wr/my, (69)
both independent of €, B and h. Consequently, for ~ < 1 and every k < n,
1P 1e < 1P e < 1 Pklle + Allgrlle < Prax + MXomax = P. (70)

Contracting (33) with 1,, and (56) with 1,,, and using the identity 1, ([P(V]?1,,) = [|[PW|% = (1] [PW]?)1,,
gives the exact scalar recursions

—ah (1 7ah> Hl 151)”%7 —ah (1 7o¢h) Hl IEI)H%' (71)
=e +(1—e —r - L1 =€ +(1—e —8
Thtt "k po Ch+1 Ck po

Each right-hand side is a convex combination of ry, (resp. cy) and ||P,§1) |%/(ne) < P?/(uc). Hence the interval
[0, max{rg, P?/(u«)}] is forward invariant, and by (70) and (E4) we obtain, for every k < n + 1,

P2
|Rkll2 < [|Rkll1 = 7k < Rimax = maX{Toa ;Ta}’

P2 (72)
[Ckllz < |Ckll1 = ek < Ciax := max{co, —},
1e"
and, combining (88) with the elementary bound 5, ;; < RuaxCimax/€stabs
g . Rmaxcmax
0 < &ij < Emax = mln{Cmax, 7} forall k <n+ 1. (73)
€stab

The index range £k < n + 1 in (]7_7[)—@) is essential and is not available from a one-step hypothesis: the estimate of
the e-terms must bound &, 11, which depends on R,, 11, C),11, and these are not controlled by W,(n) < Wg. The
forward-invariance argument supplies exactly that bound, using only (69) at indices k& < n; it is therefore not circular.
(Both halves of (]6_9[) are used, since P involves X . as well as P ,x.)

From (7)., [|[P®)|1% = | Poll% = 20{Pn, gn) r + B2|lgnl%, while 2[(Py, gn)r| < [IPallF + llgnllE < [PallE +
M?||X,,||% and h?||g,||% < hM?||X,,||% for h < 1. Hence, for all h € (0, 1],

[Pol|3 — hAS, < [[PP3 < [|Py)% +hAS, < (1+A)S,, A=1+2M2 (74)

This is the only device needed to convert every bound stated in terms of || P(5)||2. into one in terms of || P, |% plus an
h? remainder carried by X,,.

The descent lemma with X,, .1 = X,, + hPP), together with (gns P(B)>F = {gn, Pn)r — h||gn]|% and (74), gives

Mh?
f(Xn+1) - f(Xn) < h<gn7Pn>F - h2||gnH%' + T”P(B)H%' (75)
Mh22n.

2
No term is hidden in an unnamed O(h?): the constantis M (1 + A)/2 = M (1 + M?).

< g, Pa)r — 1P|lgnll% +
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By s
© 1 2 1 2 1—e 2t (B) |2
s PosillE — sl Pulle < ffllP %

+ (3IPEE - 4Pa3).

= ~h(Pa.gn)r 17 lanll}
By (E2) of (63) with = 2vh one has § (1 —e~2"") > yhe=27"; combining with the lower half of ande 27" < 1,

31 Parilf = 3lIPalE < —ve " || Pulf + vAR®S,

= (76)
2
= h{(Pr, gn)r + 5 [lgnl -

Adding (73) and (76), the terms +h(g,,, P,) r and —h(P,, g,) r cancel identically — this is precisely why the weight of

|| P||% in (39) is pinned to 1 — and the surviving gradient terms combine to —h2[|g, | % + % [|gn]|% = — 2 [|gn||% < 0,
which we discard. Therefore
Af+3A|PIF < —ve PPy} + K12 S, Kio = M(1+ M?) + (1 +2M?). (77)

Write (33) as R,,4+1 = e~ *"R,, + S,, with
1—e h

jite’

S, : (P21, > 0.

Expanding exactly,
[Rniall® = €72 Rall? + 207" (R, S) + [1Sa 1, [1Sa]l = ©(R), (78)

so the cross term is a genuinely positive quantity of order h. Apply Young, 2(R,,, S,,) < o||R,||* + o0 =1||S,||?, with
the h-proportional scale

\a::l—e*“h\

The two resulting coefficients telescope exactly, with no O(h?) slack:

—ah
—ah _ _—2ah 1

oe =e +e ¥ —

—2(xh+ —Qah: —ah 14+ €

e e ,

1—e-ah = ] _e-ah’

Hence, using (ES), then (E1), then || P[4, < P?||PM|12 and |[PM||p < |PP)| £ from (7)—(70),

152 - 1—e ol
??—ah <e Oéh”Rn‘PJr0427M2HP(1)”ZIlJ

e

IRn1]l? < e™"||Ral|* +
h 2 pQ B)| 2
< e Rl +a72h||P( IE (79)

_ p?
|Gl < ™M Cul* + T hIPP - (80)

The remainder in (T9)—(B0) is of order h, not h?, and it is displayed as such; no choice of o can make it O(h?). Its
decay factor is e =", not 2e~2°": it tends to 1 from below, which is what makes contraction possible. Subtracting

|| R, ||%, using (E2) in the form e~*" — 1 < —ahe~*", weighting by %, adding the C analog and applying (74),

uB puBa ek
S AURBIP+CIP) < == h(IBall® + [ICa]?)
BP? 61
+ h|[Pallf + K3h?Sn,
afp

where K3 := BP2A/(ap).

Write P41 = e " Q ® PP with Q = exp(—%(fn + §n+1)) and A := @ — 1. By the invariant cone, and
(E1),

Ag.ij € [~hEmax, 0], hence  [|Ag @ PP ||p < hémax| PP, (PP ApePBYL <0, (82)
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Using X,, 11 = X,, + hP®) and (X,,, PP\ = (X,,, P))r — h{X,, gn) F» the two e-blocks are, exactly,
(Xnt1, Pop1)p =" [(XR,P )P — h(Xo, gn)F
+ (X, AQ@PP) 5+ h(PP), Qo PF))p],
UIXns1ll = 31 XalF = B(Xns Pade = h2(Xons ga) e + 5[ P
We estimate the five resulting groups, each explicitly.

(a) The (X,,, P,) r terms combine with coefficient (e 7" —1+h) = eh(1—7)+e€ oy, Where g, := e~ —1+~h
satisfies 0 < g < h by (E3). Young with 7 > 0 gives eh(1 — 7)(Xp, Po)p < €|l — ~|(n]| X% +
EHPnHF)» and |6Qh<Xn,Pn>F| < e%h2

(b) By (64) and e="" > 0, —ehe ™ ""(X,,, gn)p < —ehe™ " (f(X,) + 5[ X,||%). Writing —e™ " = -1+
(1 — e~ "), using (E1) and f(X,) + L[| X, |2 < ML X, (|2 < M, this is

< —ehf(Xn) — eh || X7 + eyYMRP*S,
This group is the sole source of ¢; and of the negative || X||% coefficient.

(c) By Cauchy—Schwarz, (82), Young with § > 0 and (74),
(X, AQOPP) 1 < chéma (31 Xull} + 251 P13
< maxd b X3 + S=hl| Pl + S25R075,,.
(d) Since Q;; € (0,1],0 < h(PB), Qo PB)p < h||PB)||2,, giving at most ehl|| P, ||% + eAh®Y,, by (74).
(€) —eh2(X,, gn)r < 0is discarded by (64), and <= || P(B)]|2, < LN p2y
Summing (a)—(e),

eA[(X, Py + 31XII%| < —ehf () = (%5 — 11 =110 — Gmaxd ) | X}

L (33)
+eh(1+ Lp2l o S5 ) | P 3 + eKush?S,
with Ky = 20 + yM + Smaxh 4 A 4 1EA
Adding (77), (8T) and (83) — these five blocks exhaust W, — we obtain, for every h € (0, 1],
Weln+1) = We(n) < =h(erf(Xa) + call Pali® + csll Rull? + callCall® + esl| X3
+ Col* (|1Pal|F + 11 X0 l|7), Co := K12 + K3 + €Ky, (84)
where the coefficients are given exactly by
Cl1 =€,
BP* 1-9] , €
— —2vh =28 o (1 max)
2= ap e\t 4n + 49
cross term S—~—
the © (h) the e-terms
auxiliary leak
B
3 =C4 = ue_ah7
2
m
¢s = (5 — 11 =110 — gmaxd)- (85)

Two structural features of (84) should be noted. First, the h? remainder carries only ¥,, = || P, ||% + || X, ||% — not
f(Xn), [|Rn H2 or [|C,,]|%; every h? term traces back through (74) to 3,,. Second, Cs is a finite constant depending only
on M, vy, o, pt, B, P, &max, My, €, all of which are fixed before h.
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Every contribution of || R, || to (84) originates in the single summand % | R||? of B9): the f-block contains no R; the

P-block estimate (67) discards @ altogether; and the e-block sees R, C only through &, which enters (83) bounded by
the constant &yax and charged entirely to || X, ||% and || P, ||%. Consequently

c3=cq4 = B9, 9= %e*ah > 0 independent of B, SO sign cg = sign B. (86)

Hence c3 = ¢4 > 0 for every B > 0: with the corrected estimate the requirement “cs, c4 > 0 is vacuous and
imposes no constraint on B whatsoever. Equivalently, the relative decay rate of the auxiliary block,

C3 -

uB/2

is independent of B, because rescaling the auxiliary weight rescales the decay and the weight identically; B therefore

does not appear in the final rate at all. The only genuine constraint on B is the upper bound coming from c, since

Opce = —P? /(o) < 0 and P does not depend on B (see the a priori bounds). This settles the matter: B is an

upper-constrained free parameter, exactly like ¢, and the requirements { B > 0} and {B < ~yayu/P?} are compatible

for all v, o, u > 0. There is no || R||?>-versus-|| P||% trade-off to balance.

a e—(xh7

The constants are fixed in the following strictly acyclic order, each depending only on those already fixed:
WR — (Pmaanmaxyp) — (Rmaxacmaxagmax) —+ B — (77,5) — € — hl — C'2 — h* — P

(1) Wr, Paax> Xmax> P, Rmaxs Cimaxs> Emax as in (€3), €9), (70), (72), (73). These are free of B, € and h,

because WWg was formed using only the a priori restrictions B < 1 and € < %.

(2) The weight B:

BP?
B::min{l, M} € (0,1] — <
2P? ap
This is well defined and strictly positive for all v, «, u > 0, and is not circular because P was fixed in item (1).
If P = 0 the second entry is vacuous; in that case P,, = 0 and X,, = 0 for all n, so the (X, P) subsystem
already sits at equilibrium and only R, C' decay — take B = 1, for which the || P, ||% leak is identically zero.

o2

(3) The Young parameters:

my . . my .
= 1; the term is absent if v = 1), 6= absent if £, = 0).
n=giog 07 ) S | )

Then |1 — ~|n = €maxd = L, so each consumes exactly one quarter of the strong-convexity budget -, and
Bl — 20=9)7 Lmax

—_— 25?}]&){
= T Consequently

4n my 45
0526(%—%—%>=€ZH, 02276_27h—i];2—65, E::1+2(1n:f7)2+2§n;",
and Kys = % + M + a2 49 4 372
(4) The perturbation size:
e:—min{i,SVE} _— EES%-

Legitimate and non-circular: = depends on m ¢, 7, Emax only, and {max is e-free by item (1). The bound € < i

is what (60)—(61) require.

(5) The first step restriction:

1 4
hy = Inin{l, 2—ln g} >0 = e 2 > 3 forh < hy.
i

With these choices, for every h € (0, h1] all five coefficients admit the h-independent positive lower bounds

3
cp =¢€>0, 022—2—%—%:%>07
87

Ba
032042%e_“>0, c5 =
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Every ¢; depends on h only through the monotone factors e 27" and e~®", which is why replacing them by their infima
on (0, hy] resp. (0, 1] is legitimate.

Every one of f(X,,), || Pull%, [| R % |Cnl?, || X% is nonnegative, so comparing the bracket in (84) termwise against
the upper bound (61)) and factoring out the smallest of the five ratios,
c1 Co 4 vy C3 Cq

> Cs myg
— =€ _— = —_ = —— = =
17 3/4 3776 uB/2 uB/2

3¢/2 6

ae” > qe™?,

(the factor B canceling between c3 and (]6_T[), as anticipated above), yields

c1f(Xn) + cal| Pallfe + csl|Rull* + callCull? + s Xl > i We(n),

m
[ min{e, J ae” Y, 7f} > 0.

min

6’ 6
For the h? term, together with f(X) > ZL|| X3 gives | P,[|7 < 4We(n) and || X, |7 < mifWG(n), hence the
conversion )
5, < (4+ —)Wé(n). (88)
my
Substituting both into (84),
2
W.(n+1) < [1 e htCo (4 n m—)hQ] W.(n),
f
so with
Pt = min{ 1, by, om0 ;= Smin (89)
= ) 1, 202(4+mlf) ) p = 27

we obtain (62) for every h € (0, h*). All three terms in (89) are needed: i < 1 normalizes (74) and permits e =" >
e~ % h < hj turns 7e‘27h into the h-free bound %7; and the third term is exactly the absorption Co (4 -+ mif)fﬂ < %h
The factor 4 + mif is the conversion (88)) and must not be omitted, since (84) states the remainder in terms of X,, rather
than We(n).

h-independence of h*. Reading the chain of parameter choices backwards: WWr depends on the initial data; P on
Wr, M, mg; Emax 0N P, f1, v, €stab, T, €03 B ony, o, p, Py m, 6 onmy, 7y, Emaxs € 0N M, Y, Emaxs h1 on y; C2 on
M,~,a, pt, B, P, &max, my, € and ¢;, on €,7y,a, my. None involves h, so h* in (89) is a fixed positive number
determined by (my, M, v, a, 11, €stap) and L — precisely the dependence the theorem permits.

Finally, ph < Sain < £ < % < 1,801 —ph € (0,1); hence (62) gives W,(n+ 1) < W.(n) < Wg, which propagates
(63) and closes the induction. Iterating,

We(n) < (1= ph)" Wg < Wre "™,
and (60) converts this into the assertion of the theorem with

2
=_1 —_ > — _“
K #1In(1 — ph) > p, C, <5+ MB)WR,

using f < We, [ PullF < 4We and || Ry [* + [ Ol < S5 WVe. O
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